A Discussion of the Application of the Prandtl-Glauert Method to Subsonic Compressible Flow over a Slender Body of Revolution by Lees, Lester
Washington 
September 1946 
- + -44.- r 
- .  
P . 
-. - 
- . - -  
FOR AERONAUTICS 
TECHNICAL KOTE 
N O .  1127 
A DISCUSSION OF THE APPLICATION OF THE PRANDTL-GLAUERT 
... 
HETHOD TO SUBSONIC COMPRESS1 BLE FLOW _OVER L, . . 
. . 
A SLENDER BODY OF REVOLUTION 
By Lester  Lees 
Langley Memorial Aeronautical Laboratory 
Langley F ie ld ,  Virginia . - 
. . -  
A A i--L<.':Ii.'l' 
m m y  r n < ~ j l l  -. :L 
LhBORATORY 
& W ~ Y  w Vb 
-. -. 
-.- 
NATIONAL ADVISORY COIdldITTEE FOR AERONAUTICS 
A DISCUSSION O F  THE APPLICATION O F  TEE. PRANDTL-GLAUERT 
M ~ H O D  TO SUBSONIC. COEPRESSIBLE FLOW OVER 
A SLEXDER SODY O F  REVOLUTIOR 
B y  Les ter  Lees . . . -  
. . 
- -  
SUMMARY . ... 
The Prandt l-Glauert  method f o r  subsonic potent ial-  - 
f low of a compressible f l u l d  has  genera l ly  been be l i eved  
t o  l ead  t o  an i n c r e a s e  i n  the  p ressu res  over a  s l ender  . 
I. 
body of r evo lu t ion  by a f a c t o r  l/J1 - ~~2 (where M 1  
i s  Mach number i n  undis turbed  f$ow) a s  comgared with the  - 
pressures  i n  incompressible flow. Recent German work on . - 
this  problem has ind ica ted ,  however, t h a t  t h e  f a c t o r  
1 i s  no t  app l i cab le  i n  t h i s  case.  I n  the 
- L 
present  d iscuss ion  a  more c a r e f u l  a p p l i c a t i o n  of the  
Prandt l-Glauert  method t o  three-dimensional flow g ives  3 
t h e  fo l lowing r e s u l t s :  - - 
T h e  Prandt l-Glauert  method does not  l e a d  to  a  
u n i v e r s a l  v e l o c i t y  o r  pressure  c o r r e c t i o n  formula that i s  
independent of  the  shape of  t h e  body. The f a c t o r  1/(=2 
i s  appl icable '  only  t o  t h e  case of two-dimensional f low.  
The inc rease  wi th  Mach number o f  t h e  p ressu res  over 
a  s lender  body of r e v o l u t i o n  i s  much l e s s  r a p i d  than  f o r  
a two-dimensional a i r f o i l .  A n  approximate formula from 
which t h e  i n c r e a s e  can be es t ima ted  i s  derfved t h e o r e t i -  
c a l l y .  - - 
. - 
The inc rease  w i t h  Mach number of  the  maximum axial 
i n t e r f e r e n c e  v e l o c i t y  on a s l ender  body o f  r e v o l u t i o n  i n  
a c losed  wind t u n n e l - i s  given approxi&tely by  the f a c t o r  
2)'12, r a t h e r  than  by t h e  f a c t o r  1/(1 - M ~ ~ ) ~  
previous ly  obta ined  by Goldstein and Young and by Ts ien  
- -- and Lees. . .. 
Eeccuse o f  i t s  s i m p l i c i t y  and appl&cabLlity t o  both 
two- and three-dimensional f low, 'the Prandtl-Glauert  
method has been u t i l i z e d  t o  ob ta ih  approximate so lu t ions  
f o r  & wide v a r i e t y  of problens i n ;  subsonic c ~ m p r e s s i b l a  
f low.  T h e  e f f e c t s  of wind-tunnel. i n t e r r e r e n c e  on t l l in  
a i r f o i l s  and on s lender  bodies  o f '  r evo lu t ion  I n  subsonic 
f low have been thoroughly d iscussed  i n  references  1 tind 2. 
I n  common wit*-many e a r l i e r  w r i t e r s  on the sub jec t ,  how- 
ever ,  inc luding  Prand t l  and von ~ 6 r m 6 n  (see ref eroncas 3 
t o  6 ) ,  the aut2mrs of r e fe rences  1 and 2 s t a t e  without 
c l e a r  proof t h t  tbe  ~ r a n d t l - ~ l a u e r t  method leads  to  an : 
inorease  by a  f a c t o r  of  1 I n  the pressures  
hc t ing  on the  surface of a. s len2er  body o r  r e v o l u t l o n . i n  
an unbounde6, uniform p a r a l l e l  flow. (The s y m b o l  M I  
denotes Mach number i n  undisturbed flow. ) 
The present  paper  was p r o m p t e ~  by recen t  German work 
on the oroblem of the s ~ ~ b s o n i c  flow over a body of  revalu-  
Gion, which i n d i c a t e s  that application. of the f a c t o r  
1 '  i s  e n t i r e l y  i n c o r r e c t  Fn t h i s  case ( r e f e r -  
ences'. 7 - and 8 )  . Some Geman w r i t e r s  ( r e f  erencea 9 ar,d 10) 
have even  s t a t e d  t h a t  t h e r e  i s  no ' e f f e c t  o f  c o n p r e a s i b i l l t y  
on the  pressures  over a s lender  body of r evo lu t ion  in an 
unbounded stream - a t  l e a s t  i n  f i r s t  appraximation. I n  
the present  paqer, the genera l  prbblem.bf the nea r ly  
p a r a l l e l  . subsonic comnressible f 1o.w over a closed body 
' i s ,  t r e a t e d  a s  a straight-Torward boucdary-value problcm. 
Tt i s  pointed o u t  t h a t  previous w r i t e r  ( r e fe rances  I 3 t o  6 )  were Led t o  erronsous conclusion f o r  the case of 
three-  dimensional flow e i t h e r  bec&se they disregarded 
the  boundary .condl t ions  o r  because. they d i d  not exatnine 
the  b o u n d ~ r y  condi t ions w i t h  a u f f  i c i e n t  care .  In order  
t o  i l l u s t r a t e  t h e  genera l  method a f  the present ghper, 
the  problem of  the  subsonic flow over a  slender body of - 
rsvolutiion i s  discussed and the  p a r t i c u l a r  case o f  the 
e l l i p s o i d  .of revolu t ion  i s  s tu6 ieC i n  d e t a i l .  
The ques t ion  of  the a ~ 3 l i - c a t J o q  o f  the  P r a n d t l - G l a u e r t  
method t o  three-dfmer-sionai s'ubsonic flow wag . t r e a t e d  .- 
c o r r e c t l y  f o r  the first t ime by ~ z t h e r t .  I n  re ference  7 ,  
~ 6 t h e r t  s b w s  t h a t  the pressurB c o e f f i c i e n t s  on the surf ace 
of' a body in a nea r ly  p a r a l l e l  s ~ ~ . b & g n i c  flow a r e  obttlfnea - .  
by ca l -cula t ing  the incompressible flow over a body, the 
l a t e r a l  coordina tes  of which a r e  cont rac ted  i n  the  r a t i o  
: 1 as compared w i t h  the l a t e r a l  coordinates  of; 
t he  o r i g i n a l  body, and then mul t ip ly ing  the  pressure  coer'- ... .- 
. f i c i 6 n t s  on the sur face  o f  this d i s t ~ r t e d  body by  the -  
.. 
f a c t o r  I The r e s u l t s  obtained by ~ ' d t h e r t t s  proce- 
1 - E12 - 
dure and by t h e  method of t h e  present  paper w i l l  be equiva- 
l e n t  i n  genera l .  I t  i s  hoped t h a t  tkie reasons f o r  the  . .. 
e s s e n t i a l  d i f f e rence  between the  two- and three-dimecsional 
f low w i l l  be brought ou t  more c l e a r l y  by the  present  
t reatment  than  by ~ g t h e r t t s  procedure. . . . . . . - 
The aut3or  I s  indebted t o  D r .  S. Katzoff f o r  valuable  
d iscuss ions  of t h i s  problem and c r f t i c i s m  o f  the  p resen t  
paper. 
P r ~ n d t l - G l a u e r t  I.:ethod f o r  Subsoni c  Compressible Flow 
-. 
The p r i n c i n a l  a s s m p t i o n s  o f  the  P r a n d t l - G l a ~ e r t -  
method f o r  subsonic conpress ib le  flow are a s  fol lows:  
(1) The inf luence  of the  v i s c o s i t y  and conduct iv i ty .  
of the  gas i s  neglected.  - .. A -. 
. . 
( 2 )  The pressure  i s  a continuaus func t ion  of t h e  - 
dens i ty .  -. 
( 3 )  Changes i n  pressure  and d e n s i t y  i n  the  flow a r e  - -  
m a l l  compared with t h e  mean p r e s s m e  and mean dens i ty :  
- that i s ,  the dev ia t ions  from a unlforzn p a r a l l e l  f low a r e  
- 
small .  
The Prandtl-Glauert  method thcs dea l s  with subsonic 
flows t h a t  a r e  shock f r e e ,  o r  i s e n t r o p i c ,  and the re fo re  
i r r o t a t i o n a l  by Halmholtz 7 laws of  vor tex  knotion f o r  a 
gas.  I n  a Car tes i an  caordinate  (x ,  y J  z )  system, the  . -  - 
velocity p o t e n t l a l  Q i s  expressed by the r e l a t i o n  . .- 
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. - 
where q i s  t h e  d i s tu rbance  po ten t1  a 1  and U 1  i s  the . ..- 
v e l o c i t v  o f  t h e  undis turbed  flow .' The corresponding 1 . - 
ve l o  c i  t$ components are 
' where 
and 
U V W  
- 9 - , - << 1.0 
u1 u1 UI 
With t h e  assumption t h a t  the squar,es and p r o d ~ c t s  of the 
dis turbance  v e l o c i t i e s  u ,  v, w a r e  negl ig- lble  colnptlred 
with the v e l o c i t i e s  themselves, the exac t  equa t lon  of 
c o n t i n u i t y  i s  approximated by the b a r t i a l  d i f ferent ia l  
equa t ion  f o r  t h e  d i s tu rbance  po t e n t i & l  
where 
and 
Mach number i n  undis turbed '  f low (2) 
.- - 
a1 speed of sound i n  undis turbed  flow 
When the Msch number i s  v a n i u h i n ~ l ~  small, equat ion  (4) - 
raduces  to  Laplace s equat ion  f o r  incamgressf b l e  p o t t l n t i a l  t 
flow. 
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A s o l u t i o n  of equat ion (4) must s a t i s f y  the  f o l l c l ~ i n g  
boundary condt t i o n s  : 
(1) The dis turbance v e l o c i t i e s  u ,  v ,  and w must 
varzislr I n  the  undis turbea  flow. 
( 2 )  A t  the su r face  o f  a  s o l i d  boundary, the  component 
o f  the  gas  v e l o c i t y  normal t o  the  sur face  must vanish .  
Zince V 1  + u z U1, t h i s  condi t ion  T s  . .. 
~1 cos a + v cos p + w cos y = o ( 5  1 
where a, p, and y . a r e  the  angles t h a t  the nornal t o  
t h e  body- su r face  makes with the x-, y-, and z-axes, 
r e s p e c t i v e l y .  
In order  t o  solva this bo-miisry-value problein, 
P r a n d t l  and Glauer t  introduce n6w Car tes ian  coora ina tes  
g, v, [ which a r e  r e l a t e d  $0 the caordina tes  x ,  y, and z  
by the  a f f i n e  t ransforniat lon 
Tn t he  new , , i system,; t h e  d is turbance  p o t e n t i a l .  
s a t i s f i e s  Laplace f s equat lon 
If the  v e l o c i t y  p a t e n t r a l  i s  regarded as unchanged 
i n  the  t ransformation,  the value of q a t  t h e  poin t  
(x ,  y, z )  i n  yhys ica l  space i s  i d e n t i c a l  wi th  the value 
of  cp a t  t h e  po in t  (5, , P )  i n  the new space G v e n  
by equat ions ( 6 ) .  The r e l a t i o n s  between the  d is turbance  
v e l o c i t i e s  i n  t h e  , , s y s t e a  (ul, vr, w f )  and 
t h e  pkysi c a l  d is turbance  v e l o c i t i e s  -a re  a s  follows : 
The l a t e r a l  coordinates  Fn t he  a,  q, 5 system are con- 
t r a c t e d ,  but  the  l a t e r a l  ve loc i t$  components i n  the  
5, q, space ar-e magnified as .com?ared with the lateral 
v e l o c i t y  components a t  the correaponaing p o i n k l n  physical 
573808. 
The boundary condi t ions t h a t  must be s a t i s f i e d  by 
t h e  s o l u t i o n  of Laplace's  equation (equat ion  ( 7 ) )  can now 
be fomi l l a t ed  as  fol lows:  
(1) I n  the  undisturbed stream, ut , v f  , hnd w f  must 
van1 sh. 
( 2 )  k t  a poin t  on the surface of the s o l i d  boundary 
( x ,  y ,  z t h e - l a t e r a l  velocity components vs and w, 
must s a t i s f y  equabion ( 5 ) .  These v e l o c i t i e s  are d v e n  by 
where 
The p o t e n t i a l  l(i, 11 t )  i s  s e t  up a s  a g e n e r a l  s o l u t i o n  
of Laplacers equatfon that s a t i s f i e s  condi t ion  (1) and i s  
appropr ia te  t o  t h e  problem. The a r b i t r a r y  cons tants  i n  
t h e  g e n e r a l  s o l u t i o n  q ( 5 ,  7 ,  [ )  a r e  determined by 
s u b s t i t u t i n g  equat ions ( 3 )  i n  equat ion ( 5 ) .  Thus, by use 
of t h e  Prandtl-Glauert  method the  problem of t h e  nea r ly  
p a r a l l e l  subsonic compressible flow over a c losed  body i s  
reduced t o  a problem i n  incompressible p o t e n t i a l  f low. 
The procedure o u t l i n e d  i n  t h e  p resen t  paper w a s  
s i r i c t l y  c a r r i e d  out  f o r  the  f i r s t  time by Bilhhrz and 
Holder i n  1940 f o r  the p a r t i c u l a r  case of  a body of 
r evo lu t ion  of 10-percent thi c'xness r a t i o ,  wi th  i t s  m a x i m u m  
th ickness  a t  40 percent  chord ( re fe rence  11). Bi lharz  
and ~ b ' l d e r ,  hswevsr, did not  ciiscuss t h e  genera l  implica- - .. .. -- 
t i o n s  of t h e i r  r e s u l t s .  Previous w r i t e r s  on the  sub jec t  
attempted t o  d r a w  conclusions dIr.ect3-y from the  dfff eren- 
t i a l  equat lon (4)  and overlooked the  n e c e s s i t y  of s a t i s -  
f y i n g  the  boundary condi t ione.  -. 
Prandt l-Glauert  M e t b d  f o r  Two-Dimensional Subsonic Flow 
For two-dimensional subsonic flow, the  Prandt l -  
,Glauert  method lezds  d i r e c t l y  .. to t he  r e s u l t  t h a t  t h e  .- 
pressures  and t h e  a x i a l  d is turbance  v e l o c i t i e s  on  a t u n  
c y l i n d r i c a l  body a t  a given small  angle  of a t t a c k  are- . 
i nc reased  by a f a c t o r  of 1 over  the  corre-  . -- 
sponding values f o r  incompressible flow. The a n a l y s i s  
i n  t h i s  case i s  simple l a r g e l y  because t h e  con t rac t ion  
of t h e  coordinates  of the  body s ~ r f a c e ,  which i s  requ i red  
by equat ions ( 9 ) ,  never e n t e r s  t h e  problem. For two- .. .. - 
dimensional f low,  t h e  l a t e r a l  v e l o c i t y  component on t h e  
su r face  of a t h i n  c y l i n d r i c a l  , k d y  vs(x,, y,) d i f f e r s  
from the  v e l o c i t y  on t h e  chord v(x , ,  0 )  by a q u a n t i t y  
of higher  o rde r .  This f a c t  can be seen from phys ica l .  
cons idera t ions  o r  from t h e  development bf the  v e l o c i t y  
v(xs,  y )  i n  a Taylor !.s s e r i e s .  . . 
. , 
From t h e  approximate con t inu i ty  - e q u a t i o n , ,  ..- 
and t h e  f a c t  t h a t  i s  of' t h e  o r d e r  of, y,, i t  
can be s een  t h a t  vs(xs ,  y,) d i f f e r s  from v ( x S ,  0 )  by 
-. . .  . 
a q u a n t f t y  of  t h e  o r d e r  o f  vs2. I . - 
The boundary cond i t i on  t h a t  the r e s u l t a n t  v e l o c i t y  
on t h e  surf -ace  must  be t a n g e n t i a l  , t o  t h e  . s u r f a c e  dan then  
be s a t i s f l e d  by t h e  v e l o c i t y  on  tlie chord v ( x , ,  0). This 
c o n d i t i o n  i s  s imply 
v(x,, 0 )  =.Ul t a n  p (x,)  
where 
I n  equa t ion  ( 1 0 )  t a n  p (x,) i s  t h e  s lope  of t h e  s u r f a c e  
a t  t h e  p o i n t  (xs, y,) and c .  i s  the  chord of the body. 
The boundary cond i t i on  for- a s o l u t i o n  of  Laplace 1 s equa- 
t i o n  i n  t h e  , q plane  i s  
where 
The a p p r o p r i a t e  s o l u t i o n  of Laplacers  equa t ion  i a  
g iven  b y  a  cont inuous  d i s t r i b u t i o n  o f  l r s i n g u l & r i t i e s f r  
( v o r t i c e s  and/or sou rces  and s i n k s )  a long  the chord. Tho 
s t r e n g t h  of t h e s e  s i n g u l a r i t i e s  pey unit l e n g t h  i s  .directly 
p r o p o r t i o n a l  t o  t h e  f a c t o r  u i n  t h e  exp re s s ion  
f o r  t h e  r e q u i r e d  normal v e l o c i t y  v'(?&, 0 )  g iven  by 
equa t ion  (11). I n  t h e  l imFt ing  caae  a P a n  incompress ib le  . 
f l u i d ,  141 approaches 0 and the-  s t r e n g t h  of  -the s ingu-  - - 
l a r i t i e s  i s  ~ r o p o r t i o n a l  t o  U1. I n  t he  p r e s e n t  case, In 
I 
which MI f 0,  the  vor tex  o r  the  source-sink s t r e n g t h  
along the chord must the re fo re  be g r e a t e r  than the  
s t r e n g t h  f o r  M1 = 0 by a f a c t o r  o f  1 -  Since . 
the  a x r a l  d is turbance  v e l o c i t y  u s ,  0 i s  a l s o  pro- . - 
p o r t i o n a l  t o  the  s t r e n g t h  of t h e  s i n g u l a r i t i e s  this 
v e l o c i t y  i s  a l s o  inc reased  by t h e  f a c t o r  1 .  By 
equat ion (8 ) ,  t he re fo re ,  
r e g a r d l e s s  of the shape of the body o r  the  angle of  
- - -- 
- 
. . . . - -. 
.- 
a t t a c k .  
I n t e g r a t i o n  o f  Bernoul l i  f s  equat ion g ives  .- - 
where 
and 
l o c a l  s t a t i c  pressure  
s t a t i c  pressure  i n  undisturbed flow 
dens i ty  in undis turbed  flow 
NACA Tig 370. 1127 
I 
Prmdt l -Glauer t  Method f o r  Three-Dimensional 
Subsonic   low 
For three-dimensional subsonf c flow, the  a p p l i c a t i o n  . 
of the  Prandt l-Glauert  method i s  n o t  q u i t e  so simple a s  
f o r  two-dimensional flow. The l a t e r a l  v e l o c i t y  components 
on the  su r face  of the  body v, and ws do n a t  d i f f , e r  
from the  l a t e r a l  v e l o c i t i e s  on the  a x i s  o f  t h e  body by 
q u a n t i t i e s  of higher o.rder. I n  the  case of a body of 
r evo lu t ion ,  f o r  example, the  r a d i a l  ve loc i ty  component - vr 
near the  axis i s  very near ly .eyua1 to  w, where lLnr 
f (x) r ep resen t s  the s t r e n g t h  of the source-sink d i s t r i -  
but ion  along the  a x i s  and r i s  the d i s t ance  from the 
axis. I n  f a c t ,  it can be shown from. the equat ign o f  cont i -  
nui t y  (equat ion (4)  ) 'and the  condi t ion of  i r r o t a t i o n a l i t y  
t h a t  the r a d i a l  v e l o c i t y  cornpongnt vr near the  a i a  
i s  of the  form 
Y *I 
, f  x 
v~ - --U + g ( x ) r  log  r + . . . r 
Thus, t h e  e r r o r  made by neg lec t ing .  the addi tiional terms 
i n  the expression f o r  v r  i s  I n  the  r a t i o  r 2  log  r 
to  -A, f(x and t h i s  e r r o r  i s  beyond the  l i m i t s  of a f i r s t  
r 
approximation. 
The r a d i a l  v e l o c i t y  component khus inc reases  indef i- 
n i t e l y  a s  the  axis ie approached - .  l n  c o n t r a s t  t o  the  
s i t u a t i o n  i n  the  case of two-dimensional f low. Since t h e  
l a t e r a l  v e l o c i t y  components on t h e  surface o f  the body of  
r evo lu t ion  vs and ws obviously.  cannot - be replaced by 
the  l a t e r a l  v e l o c i t i e s  on the  axfa ;  the  contract;ion of 
the  coordinates  of the  body i n  the  5 ,  q, system e n t e r s  
t h e  problem; consequently the  shape o f  t h e  body becomes 
important.  Thia f ac t -  has apparent-ly been overlooked i n  
t h e  d iscusa ions  of the  problem given i n  r e fe rences  1 tm 6 .  
The boundary condi t ion a t  a,,point on the  s u r f ~ c a  of  
the  body (x,, Y,, 2,) i s  
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v r , ( x ~ ,  YS 2s) = Vvs2 + ws2 = ~1 t a n  p (x,) (14) 
where 
I n  equation (14) t a n  p ( x s ) .  i s  the  s lope  of the s u r f a c e  
i n  a  meridan plane and c  i s  the  length  of  the body. 
The boundary condi t ion t o  be satisfied n t  t h e  poin t  
( Z s r  qs ,  t s )  by a s o l u t i o n  of Laplhcels equat ion i s  
where 
The aporopr ia t e  s o l u t i o n  of  Laplace 's  equat ion i s  given 
by a continuous d i s t r i b u t i o n  of sources and s i n k s  along 
C C t h e  a x i s  between 
= -2 and = z9 of s t r e n g t h  f (g ) 
per  u n i t  length .  The s t r e n g t h  f (5 )  i s  d i r e c t l y  r e l a t e d  
t o  the  r equ i red  l a t e r a l  v e l o c i t y  v f  
s 
Thus, from equat ion (15 )  the  s t r e n g t h  f ( 5 )  of t h e  source- 
s i n k  distribution on t h e  a x i s  i s  p ropor t iona l  to  
U 1  tan p(gs)  f o r  t h e  given body, indegendently of the Mach 
nuoiber o f  the  undisturbed flow. 
(Since t h e  equivalent  source-sink d i s t r i b u t i o n  &long 
the  axis  o f  a s lender  body of revolution is . independent I 
of Mach nurnber i n  f i r s t  approximation, an analysis similar 
t o  that gT,lven i n  re ference  2 shows that the increase with 
Mach number of the  maximum m i a l  i n t e r f e r e n c e  velocity on 
a s lender  body of - revolu t ion  In a closed wind tunnel  i a  
gi-ven approximately by t he  f a c t  r 1/(1 - h!12)3/2 r a t h e r  2 than by the  f a c t o r  ( 1  - 2 )  provioualy obtained i n  
re ferences  1 and 2 .  T h i s  r e s u l t - i s  i n  agreenent w i t h  the 
conclusions reached by von BaranDfP i n  reference 12 . )  
The f a c t  t h a t  f(P) i s  indepen-tent of  Mach number 
does not  mean that the a x i a l  dfs:tur6ance. vefCc1 ty 
u(xS, y, 2,)  = u (g, ,  T,, 5,)  is' a l s o  independent of  
Mach number. The  p o i n t  (g,,  qs-, t s )  lies c l o s e r  to the 
a x i s  f o r  a Mach number M 1  # 0 t F i n  f o r  incompressible 
flow. For t h e  iven  source-si&: distribution, the value  
of u l ( g s ,  qs, f s )  n-ear t h e  rnax:rnwn th ickness  o f  ehe 
body will t he re fo re  be l a r g e r  t h a  the  corresponding value 
f o r  incompressible flow. An estimate of this increase  
can be obtained by an examination of the  Incompressible 
f i e l d  of flow around a t h i n  e l l - ipso id  o f  r evo lu t ion  
( p r o l a t e  spheroid)  . (See reference  13. ) The diatmbance 
vo loc i ty  p o t e n t i a l  i s .  
where h and p m e  e l l i p t i c  coorainates  and A i s  r i  
cons tant .  ( T h e  symbol h i s  used i n s t e a d  of Lambls 
i n  order--to avoid confusion. ) j3 the -vicinity ~f the 
rnaximum thickness of the body, ' 
I n  equation (18) c  i s  the  l e q t h  of e l l i p s o i d  of r e - ~ o l u -  t 
t i o n .  The maximum axial disturbslnce ve loc i t y  ulma(g, q, [ )  
5 s  approximated by , . .  . ... .- .. - -. . .- -
s 1 - l o g  2 -I- l og  v m '  
c/2 
( 1 9 )  
Therefore . . - - . . - - . .  . .a 
where t /c  i s  the  th ickness  r a t i o  of t h e  body. ~t 
fo l lows t h a t  
c ( % 4 M 1  - ?M1 
--- - 1 +  l og  \I- 
0 C t Pa 0.31 + l o g  -g 
Schnieden and Kawalki i n  r e fe rence  8 obta ined  the  same . .
r e s u l t  by a c a r e f u l  a p p l i c a t i o n  of  t h e  p r ~ c e G u r e  o u t l i n e d  
by G t h e r t  ( r e fe rence  7 ) . T h e  o r i g t n a l  expression given - 
by Gijthert i s  i n c o r r e c t .  . -A 
1 From equat ion (21) t h e  e f f e c t  of compress ib i l i ty  can 
be seen t o  vanish as t h e  th ickness  r a t i o  approaches zero - ' 
i n  c o n t r a s t  t o  t h e  case of two-dimensional f low - where 
t h e  f i r s t - o r d e r  e f f e c t  o f  compress ib i l i ty  i s  given by 
1 , - -  1N-, independently of the  shape o f  t h e  body oi. the  
angle  of a t t a c k  of the body. 
For s l ender  bod ies  of revolution t h a t  tire symmetrical 
o r  n e a r l y  symrne t r i c a l  l o n g i t u d i n a l l y ,  equat ion (21) should 
g ive  some i n d i c a t i o n  o f  the  f l r s  t -o rde r  e f f e c t  of -campreasi- 
b i l i t y .  This equat ion i s  p l o t t e d  i n  f i g u r e  1 f o r  var ious  
values of the  th tckness  r a t i o  t /c .  The e f f e c t  of corn- 
p r e s s i b i l i t y  i s  e v i d e n t l y  considerably smaller  than t h e  .. - 
f a c t o r  l / $ i i  . would p r e d i c t .  For an  e l l i p s o i d  of 
r e v o l u t i o n  of  10-percent th ickness  r a t i o  the e s t ima ted  
inc rease  i n  maximum negat ive pressure  c o e f f i c i e n t  i s  on ly  
25 percent  a t  a Mach nmber  of 0.80.  he inc rease  i n  .- 
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maximuq pressure  c o e f f i  c i e n t  obta ined  i n  refkrence 11 by 
an  approximate numerical procedure, for a body of  revolu- - - I 
t i o n  o f  the same th ickness  r a t i o  with its m a x i m u m  th lck-  
- -  -. - 
ness  h t  40 percent  chord i s  13 ,pe rcan t .  By comparison, 
A 
the  f e c t o r  1- prec?iicts an inc rease  o P  67 percent  
i n  the a x i a l  d i s t u r b a c e  v e l o c i t y  and pressure  c ~ e f  ii c i s n t .  
I n  pass ing ,  i t  skauld be noted  t h a t  the in&ppl ica-  
b i l i t y  of t h e  f a c t o r  1/d- f o r  three-diminaional - - 
- 
- -- 
subsonic flow i s  indica ted  by t h e  r e s u l t s  of the ca lcula-  
t i o n  of  the  subson5c flow over a sphere b the Janzen- - 
Rayleigh method o f  i t e r a t i o n  ( re fe rence  1 E ) .  The f i r s t -  
order  e f f e c t  of compress ib i l i ty  o n ' t h e  pressures  must be - 
l e s s  f o r  a s lender  body of r evo lu t ion  than f o r  a t h i c k  
- body, such as t h e  sphere.  Since t h e  maximum pressure  
c o e f f i c i e n t  on the sphere a t  the c r i t i c a l  Mach number 
M 1  = 0.57 J is l e s s  than the factor 1 '  would 
' p r e d i c t  ( f i g .  11, t h i s  f a c t &  canhot poss ib ly  g ive  the 
c o ~ r e c t  r e s u l t  f o r  a slender bgdy o f  r evo lu t ion .  
Because t h e  axial disturbance. v e l o c i t y  near the 
maximum th ickness  o f  a s lender  body of r evo lu t ion  i s  
small  (=0.030U1 i n  the  example of re ference  11) and the 
i nc rease  o f  t h i s  veloci-ty wi th  Nach number I s  a l s o  small ,  
t he  assumptions of t h e  Prandt l-Glauert  method are  more 
near ly-  s a t i s f i e d  a t  considerably H g h e r  subsonic Mach 
numbers i n  three-dimensional f-low thm i n  two-dimensional 
f low. For t h e  same reasons,  the  so -ca l l ed  c r i t i c a l  I!&ch 
rlun~ber f o r  a s lender  body of revolu t ion  i s  q u i t e  c lose  
t o  u n t t g .  This conclusion i s  genera l ly  appl icable  t o  any 
three-dimensional body, the  l a t e r a l  dimensions of w h i c h  
a r e  small  compared w i t h  the diinens:iona i n  the d i r e c t i o n  
of motion, f o r  example, the highly  swept-bkck thin wing. 
CONCLUDING REMARKS 
An a n a l y s i s  of t h e  Prandt l-Glauert  method f o r -  sub- 
sonic  compressible flow around a slender 53069- o f  revolu- 
t i o n  l e d  to the  fol lowing conclusi.ons : 
1. The method does not  giva a un ive r sa l  v e l o c i t y  o r  
pressure  co r rec t ion  formula  t h a t  i s  Indenendent of the- 
shape of the  body. The f a c t o r  1 ;(where MI 
i s  Mach number i n  undisturbed f low)  i s  app l i cab le  only  
t o  problerns of two-dirfensional flow. 
2. The i a c r e a s e  wi th  Mach number of t h e  p ressu re  - 
c o s f f i c l e n t s  and bxial v e l o c i t i e s  on the  sur face  OF a 
s l ender  body of r e m l u t i o n  i s  much l e s s  r a? id  t h a n  f o r  a . .. 
two-dimensional a i r f o i l .  A n  approxima-te es t imate  of this 
inc rease  f o r  s l ender  bodies  of r e v o l u t i o n  t h a t  a r e  syni- 
m e t r i c a l  o r  n e a r l y  symmetrical l o n g i t u d i n a l l y  can be . 
obta ined  from the express ion ,  - a . . 
(Um=)Yl l og  \I- - - .- 
= 1 +  
(Umax)O 0.31 + l og  z t
where urn, i s  maximum a x l a l  d is turbance  v e l o c i t y  and 
t /c  i s  the  th ickness  r a t i o  of t h e  body. ( T h i s  expression 
- 
i s  d.erived f r o 3  a consf de ra t lon  of a t h i n  e l l i p s o i d  of .- 
r evo lu t ion .  ) 
3 .  The ,so-chlled c r i t i c a l  Mach number for a s l e n d e r .  
body of r evo lu t ion  i s  q u i t e  c l ~ s e  t o  m i t y .  TMs con- 
. . 
c lus ion  i s  g e n e r a l l y  appl icable  t o  any three;-dimensional 
body, t h e  l a t e r a l  dimensions of which a r e  s m a l l  compared 
wi th  the  dimension i n  t h e  d i r e c t i o n  of motion, f o r  example, 
t h e  highly swept-back wing. . . - . . - . - . - 
&. The equiva lent  source-sink d i s  t r f b u t i ~ n  along the  
a x i s  of  a s l ender  body of r evo lu t ion  i s  independent of 
-. 
 Mach number I n  f i r s t  approximation. Therefore,  t h e  - 
. - i n c r e a s e  w i t h  IJach number of the niaximum- axza l  i n t e r -  -- 
f e rence  v e l o c i t y  on a s l ender  body of r evo lu t ion  i n  a 
c losed  wind tunnel  i s  given approximately by the  f a c t o r  . 
1 /(I - M 1 - 2 ) ~ ~ ~  r a t h e r than by the  f a c t o r  1/(1 - ~ 2 ) ~  
prevf ously-  obta ined  by Goldstein and Young & d  by ~ s i e n  
-. 
and Lees. ... 
Langley hiel~orial  Aeronaut ical  Laborat or  y - 
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figure b Irnre~se of maxihum nego five pressure c o e f f i c h f  with Mach number 
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